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Abstract. We develop versal deformation theory of algebras over quadratic oper- 
ads where the parameter space is a complete local algebra and give a construction 
of a distinguised deformation of this type-the so called 'versal deformation'-which 
induces all other deformations of a type of algebras. 

1. Introduction 

Formal one-parameter deformation theory for algebras was originally introduced for 
associative algebras by M. Gerstenhaber in the 60'-s (see OdO]). Since then it has 
been applied to many other algebraic categories. Most of these cases turned out to 
be algebras over a suitable quadratic operad. Gerstenhaber's theory was generalized 
to an algebra over a quadratic operad by D. Balavoine in 1997 (see [2]), and further 
developed by M. Kontchevich and Soibelman (see p3j)- 

Classical deformation theory is not general enough to describe all nonequivalent de- 
formations of a given object. To take care of this, one needs to enlarge the base of 
deformations from one parameter power series ring to a local commutative algebra, or 
more generally, to a complete local algebra. It is known that under certain cohomol- 
ogy restrictions in this general setup there exists a " characteristic" versal deformation 
with complete local algebra base, which induces all nonequivalent deformations and 
is universal at the infinitesimal level (see e.g. [221 16]). Versal deformation has been 
constructed for Lie [11[6], associative, infinity [7] and Leibniz algebras [8]. 
The aim of this paper is to give a construction of versal deformation for algebras 
over a quadratic operad. Our approach gives a unified treatment for algebras over 
quadratic operads like Com, Ass, Lie, Leib, Zinb, Dend, Dias, see |l5j. The 
structure of the paper is as follows. In Section 2 we review the necessary definitions 
of operads, algebras over an operad and cohomology of an algebra over an operad 
(operadic cohomology) with coefficients in itself. In Section 3 we develop deformation 
theory of algebras over an operad with local commutative algebra base. In Section 4 
we study infinitesimal deformations and their properties. In Section 5 we develop - 

^The work was supported by INSA and by the Hungarian OTKA grant K77757. 
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using cohomology - the necessary obstruction theory for extending a deformation with 
a given base to a larger base. We prove that obstructions are 2-cocycles, and that a 
given deformation can be extended iff the obstruction cocycles vanish. In Section 6 
we introduce the notion of formal deformation over a complete local algebra base 
and define the notion of versal deformation. We also give a construction of versal 
deformation of an algebra over a quadratic algebra. 



2. Preliminaries on operads and operadic cohomology 

In this section we recall some basic definitions and results about (algebraic) operads 
[181 13 [201 m] and the operadic cohomology of an algebra over a quadratic operad 
with coefficients in itself [H [2] . 

The symbol N denotes the set of positive integers. Throughout this paper, we work 
over a fixed field k of characteristic zero. Vect denotes the category of vector spaces 
over k. The tensor product of vector spaces over k is denoted by ^. For any positive 
integer n, denotes the group of permutations on n elements. For o" € Sni € 
{— 1, 1} stands for the sign of a, and sgn„ denotes the sign representation of S„. For 
any map / : ^f^i-Ei — > F, f{xi, • • • , Xn) will stand for /(xi • • • ® 

2.1. §-module. 

Definition 2.2. An S-module over k is a family 

M = {M(0),M(l),...,M(n),...} 

of right k[S„] modules M(n). An S-module M is finite dimensional if M(n) is finite 
dimensional for all n. A morphism / : M — > N between two S-modules M and N is 
a family of maps /„ : M{n) — > N(n) which are S„ equivariant for all n. 

Note that to every §-module M is associated a functor, called the Schur functor 
M : Vect — > Vect such that M{V) = e„>oM(n) ®§„ 1/^", where the left action of 
§n on is given by (j{ai,a2, . . . , a„) = (v^-i(i), ^^-1(2), • • -^v^-^n))- 
Tensor product of two S-modules is the S-module M N defined by 

(M ® N){n) = (Bi+j=nIndl-^^^M{i) ® N{j). 

Composite of two S-modules M and is the S-module 

MoN = e„>oM(n) A^®", 

where A®" is the tensor product of n copies of the S-module A. 
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With respect to this composite product the category (S-Mod, o, /) is a monoidal 
category, where / is the S- module (0, k, 0, . . .). 

2.3. Operads and cohomology. 

Definition 2.4. A symmetric operad V = {V, 7, rj) is a monoid in the monoidal 
category (S-Mod, o, /). In other words, a symmetric operad is a S-module V = 
{V{n),n > 0} with morphism of S- modules 

-i-.VoV — >V 

called the composition map and 

r/ : / — >V 

called the unit map such that the Schur functor V becomes a monoid. 

More explicitly, a k- linear operad is a sequence V = {V{n),n G N} of vector spaces 
over k such that 

(1) Each V{n) is a right k[E„]-module. 

(2) For all n > 1 and 1 < i < ra, there exist linear maps 

Oi : V{n) (g) V{m) V{n + m - 1), 

such that the following identites hold: for Z,m,n G N, A G V{1), jJ, G V{m) 
and u G V{n), 



(A Oj jLt) OjV = < 



(A Oj v) Oj+„_i if 1 < i < i - 1, 
A Oj (/X Oj_j+i u) \i i < j < m + i — \, (2-4.1) 
, (A Oj_„+i v)oiii \{i + m< j. 

Purthemore , the following equivariant conditions hold: for all /x G V{m), 
V G P(n), a G S^, r G S„ and i G {1, . . . , m}, 

o.j u){a Oi r) = /icr 0^-1 ut; 

where (TOjr = o"o(lx---XTX---xl) (risin the ith place) , and a permutes 
the m blocks corresponding to 1 x • • • x r x • • • 1 in the same way as a permutes 
{1, . . . ,m}. 

(3) There exists a unit element 1 G V(X) such that for all n G N, /x G V{n), and 
l<i<n, /xojl = /x and 1 = /x. 
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Definition 2.5. Let V and Q be two operads. A morphism of operads from 'P to Q 
is a sequence a = {a(n),n € N*} of k[S„]-linear maps a(n) : V{n) Q{n) satisfying 
the conditions, a(l)(l) = 1 and 

a{n + m — Oj I/) = a{n){fj,) Oj a(m)(i^) 

for n,m € N, 1 < i < n, /u G ^{n), and € V{rn). 

Example 2.6. Let 1/ be a vector space over k and for every n G N let End(y)(n) = 
Homk(y®",y). Then End(F) = {End(F)(n), n G N} is naturally an operad, called 
the endomorphism operad of V. The right action of o" G on / G End(y)(n) is 
given by 

(/cr)(ai, • • • ,an) = /(w^-i(l), • • • ,V^-^ri)), 01,02, • • • , an & V. 

For 1 < i < n, / G End(y)(n) and g G End(y)(m), the Oj operation in End(y) is 
given by 

/ °i g{ai, ■ ■ ■ ,Vn+m-l) = /(«!, • • • ,g{Vi, ■ ■ ■ , Vi+rn~l) , Vi+m, ' ' ' ,Vn+m-l)- 

The unit is given hy id : V — > V. 

Definition 2.7. Let V be an operad. A V-algehra or an algebra over denoted 
by (F, a), is a vector space V over k equipped with a morphism of operads o: 'P — > 
End(y). 

A morphism of V-algehras (j) : {V, a) — > {W, b) is a k-linear map (f) : V — > W such 
that for any ai, • • • , o„ G F and fj, G V{n), 

0(a(/i)(ai, • • • ,a„)) = b{fi){cl){ai), • • • ,(/>(«„)). 

The existence of free operad is given by the following proposition [llj . 

Proposition 2.8. Let E be a right ]i[T,2] -module. Then there exists an operad J~{E) 
with J^(E){1) = k and T{E){2) = E such that the following property holds: For any 
operad Q and for any morphism of right k[S2] -modw/es a: E there exists a 

unique morphism of operads, d: J~{E) — )• Q, such that d{2) = a. 

The operad J-{E) is called the free operad generated by E and is unique up to operad 
isomorphisms. 

Definition 2.9. Let V be an operad. An ideal of P is a sequence / = G N} 

of k[E„]-submodules of ■p(n) such that, for /x G V{n), v G ■P(m), x G I{m), y G I{n), 
^ ^ i, j ^ we have ;U Oj x G /(n + m — 1) and y Oj i/ £ I{n + m — 1). 

For deformation theory, we will be concerned with algebras over a special type of 
operads, called quadratic operads, for which Koszul duality makes sense (see [TTj). 
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Definition 2.10. Let ii^ be a right k[S2]-module and ii be a right k[S3]-submodule of 
J^{E){3). Let (R) be the ideal generated by R. Then the quotient operad F{E)/{R) is 
called the quadratic operad generated by E with relations R, denoted by ^(k, E,R). A 
quadratic operad 'P(k, E, R) is said to be finitely generated if ii^ is a finite dimensional 
vector space. 

Remark 2.11. (1) For a quadratic operad V = F{E) we have V{2) = E, P(3) = 
F{E){3)/R; moreover, J'(^)(3) = {E (g) E) (gsa k[S3] where S2 acts trivally 
on the first factor E. 
(2) The operads Com, Ass, Lie, Poiss, Leib, Zinb, Dend, Dias are examples 
of quadratic operads. 

We shall use the following proposition (see [2]). 

Proposition 2.12. Let V = 'P{]<., E, R) be a quadratic operad, and let V be a vector 
space. A V -algebra structure on V is determined by a morphism of right \i[Ti2]-modules 
a: V{2) = E End(y)(2) such that a(3)(r) = for any r G R, where a is the unique 
morphism of operads determined by a. 

The morphism a, or equivalently its adjoint 

a: Vi2) V^^ ^ V, 
is called the structural morphism of the "P- algebra V. 

Let us recall some facts about the Koszul duality for quadratic operads. Let F be a 
right k[S„]-module. By F"^ we mean the right k[S„]-module 

F"^ = Homk(F, k) ® sgn„, 
where the right S„-action is given by 

{(t> ■ a){x) = e{a)^{x ■ a-') 
for (j) S Homk(-F, k) and x F. 

Let S be a right k[S2]-module, and F{E) denote the free operad generated by E. 
Then as a right k[S3]-module, we have 

/•(F^)(3) ^ (7-(F)(3))^. 

Let R C F{E){3) be a right kpsj-submodule, and let R-^ C F{E'^){3) be the anni- 
hilator of R in {F{E)){3)^ = F{E'^){3). The Koszul dual of the quadratic operad 
V = V{k, E, R) is defined as the quadratic operad V' = V{k, E'^,R^). 

Remark 2.13. We have P'(2) = E"^ and (P')'^(3) ^ R. Furthermore, as a kps]- 
module, R is generated by fi Oj u, where /i, € 7^(2) and i € {1, 2}. 
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We briefly recall the cohomology of an algebra over a finitely generated quadratic 
operad, due to Balavoine [HIS]- For deformation theory we need to use the cohomology 
with coefficients in the algebra itself, hence we restrict our attention to this particular 
case. 

Let V = ^(k, E, R) be a finitely generated quadratic operad. Let F be a vector space. 
Consider the Lie algebra L-p^V) defined as follows. For n > 0, let L'!p{V) denote the 
vector space 

LviV) = V-{n + 1) ^{V){n + 1), 

where End(y)(n) = End(y)(n) sgn„. The module End(y)(n) is the same as 
End(y)(n) equipped with the left S„-action given by 

af{ai,--- ,a„) = /cj"^(ai,-- - ,a„) = e(cr"^)/(^;^(i) , • • • 

and V'{n) has the obvious right S„-action. Let L'p{V) denote the graded vector space 

n>0 

Let ^JL* ® f ^ Lj,{y) and u* ^ g £ L'!p{V). For 1 < i < n + 1, we have linear maps 

oi : ® ^ (2.13.1) 

defined by 

{fl* ® /) o, {u* ® 5) = {fl* Oi u*) (/ Oi g), 

where fi* Oj u* on the right are the elementary operations on the operad V' and f o^g 
is basically the Oj operation in the operad End(y). We use these linear maps Oj in 
Lp{V) to define 

n.+ l 
i=l 

[^^*0f,u*(E)g] = {i,*®f)o{v*(^g) + {-ir^+\v*®g)o{^,*®f) 
for ^* / e and u* g e L^{V). Then we have 

Proposition 2.14. The graded vector space L'p{V) equipped with the bracket [—, —] 
is a graded Lie algebra. 

Let y be a 7^-algebra determined by the structural morphism 

vr: V{2) V^^ V. 

To define cohomology modules of an algebra over a quadratic operad we need the 
following proposition. 



VERSAL DEFORMATION THEORY OF ALGEBRAS OVER A QUADRATIC OPERAD 7 

Proposition 2.15. Let (P')'^(n) stand for {V-{n)Y . There is an isomorphism of 
vector spaces 

T: L'^V) A Homk((Py(n + 1) V^''+\V) 

defined by 

T{iJ.*^f){n^x) = I J2 €{a){n,n*a)f{ax) 

for /x* ® / G LJ^{V) andjj^xe {P-y{n + 1) ®s„+i 
For n > 1, define the vector space 

C^{V) = Homk((P')^(n) ®e„ V^^,V) ^ ^--^(F) 
and the map : C^(F) ^ C^+^(y) by the formula 

<^:J(/) = -^(n + i)r([r-H/),r-i(7r)]). 

Then the map S* is a differential. The homology of the cochain complex {Cp{V),5*), 
denoted by H^{V), is called the cohomology of the V -algebra V with coefficients in 
itself, or simply the operadic cohomology of V. More generally, if M is any finite 
dimensional vector space, then we may consider the complex (M ® Cp(V),id (S) S*) 
and the corresponding cohomology is M (g) H^(y). This version of cohomology with 
more general coefficients will be needed later. 

Remark 2.16. For future reference, we recall the following special cases. 

The case n=l : Let / G C^(F). For ji £ V{2), 01,02 G V, the differential 6^ IS given 

by 

^liDil^^ oi, 02) = vr(/i, /(oi), 02) + 7r(/i, 01, /(02)) - /(7r(^, 01,02)). (2.16.1) 

The case n=2: Let / G C^{V) and / : J^{E){3) 1/®^ ^ y he the map defined 
by 

/(/xoi i/,ai,a2,a3) = /(/i, z/(ai, 02), 03) + 7r(/x, /(z/, oi, 02), 03) 
/(/X 02 I/, 01,02, 03) = /(/x,ai,i/(o2,03)) + 7r(/x,oi,/(z/,a2,a3)); 

where e C|,(F), and Vi e V,i = 1,2,3. Then the differential S^f) G C|,(F) is 

given by: 



(2.16.2) 
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3. Deformations 

Let 7?. be a commutative local algebra with l-ji over k. Let e : TZ — > k, e(l) = 1 be 
the canonical augmentation map, and 9Jl = ker{e) be the unique maximal ideal in IZ. 
In this section, we introduce the notion of deformation of an algebra over a quadratic 
algebra with base TZ and study its properties. 

Let V = V(k-, E, R) be a quadratic operad. We will denote by V-r, the operad which 

is obtained by extension of V to the category of modules over TZ, in other words, 
VTz{n) = TZ® T>{n) for all n G N. Let {A,Tr) be a P-algebra. Let An = TZ ® A 
denote the extension of A. Then An can be viewed as a T'^j.-algebra by extending 
TT-.T^ — > End(^) to TTTz-'P'R — > End(A7^), since 

Hom7^«'^'^, An)=TZ® Homk(^®", A). 

Moreover, ^4 = k (g) v4 can be viewed as a T^T^-algebra by considering A as a module 
over TZ via e: r ■ a = e(r)a, for r G 7^ and a E A. 

Definition 3.1. A deformation A of a "P-algebra {A,Tr) with base {TZ,D}V) is a mor- 
phism of operads A : T'n — > End(^7j,) such that (e (g) Id) : A-ji — y k (g) ^ is a 
7-*7^-algebra morphism. 

Remark 3.2. (1) Since we are working with algebras over quadratic operads, a 
deformation A is determined by A(2) and observe that as X{2){n) : A^'^ — > 
A-ji is 7^-linear, for all /U G T^niP)-, 

A(2)(/x){ri (8>ai,r2 (8>a2} = rir2A(2)(/i){l7^ (?) ai, l^j, (g) 02}. 

Thus A(2)(/i) is determined by A(2)(|Lt){l7^ (g) ai, 1-;^ (g) 02}. 
(2) Moreover, by 7^-linearity of A(n), it is determined by its values on 1-;^ (g) /x G 
TZ (g P(n) which is identified with ji G T'in). 

Remark 3.3. Since e (g) Id : An — > k (g) ^ is a P-R,-algebra morphism, we have 

(e ® Id)A(2)(^)(l7e ®ai,ln® 02) 
= 7r(2)(/x){(e ® lA){ln ® ai), (e ® ld){\n ® 02)} 

= 7r(2)(^){l 001,1002} 

= 7i"(2)(^) {01,02} 

= (e0ld){l 7r(2)(/i){ai,02}} 

Thus, A(2)(;u)(l7^(^Ol,l7^(g)02)-l(^7^(2)(;u){ol,02} G ker (e(g)Id) for all G 7^7^(2). 
So if TZ is finite dimensional with dimension r + 1 with {mi\1=i a basis of 9Jt, then 
\{2){n){ln (g) ai, It^ (g) 02) = 1 (g) 7r(2)(/L(){oi, 02} + Z^Li"^? ® ^ ^- 
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Definition 3.4. Suppose Ai and A2 are two deformations of a P-algebra {A, vr) with 
the same base (7^, 9JT). They are said to be equivalent if there exists a PTj-algebra 
isomorphism cp : {An, Ai) — > {A-ji, A2) such that 

An A An 
e (g) Id \ e (g) Id 

k0A 

commutes. 

Definition 3.5. Let 7^ be a complete local algebra, that is, TZ =lim„ ^^o (7^/m")5 

dJt denoting the maximal ideal in TZ. A formal deformation of a P-algebra {A, vr) 
with base {TZ, 9JT) is a 7^7^-algebra structure on the completed tensor product 
TZ(^A =lim„_^oo A), such that e(g)Id : TZ(^A — > k ^ = ^ is a 

"PT^-algebra morphism. 

Example 3.6. Let TZ = k[[f]] be the ring of formal power series with coefficients in 
k. Then a formal deformation of a P-algebra {A, tt) over TZ is precisely the formal 
'1-parameter' deformation of {A,tt) as defined in [2|. 

Definition 3.7. Let A be a deformation of the "P-algebra (^, vr) with base (7^,571) 
and augmentation e : TZ — > k. Let TZ' be another commutative local algebra with 
identity, and augmentation e' : TZ' — > k with Ker(e') = Let (p : TZ — > TZ' be an 
algebra homomorphism with (p{l) = 1. Then e' o (p = e. 
Consider TZ' as an 7^-module by the map r' ■ r = r'(p{r) so that 

TZ' A = {TZ' (^nT^) ^ = ^' (^n ^)- 

Then the push-out of the deformation A is the deformation 0=kA of vr) with base 
{TZ',m'), defined by 

(/)*A(n)(/i){r^ i^n {n fg) 01), ^2 (8)7^ (^2 (12), ■ ■ ■ ,r'n'^'R. {rn an)} 
= r^r^ ... (g)7e A(n)(^)(ri (g) ai,r2 (g) 02, ... ,r„ (g) a„), fi£V{n). 

It is straightforward to see that (p^,\ is a deformation of vr) with base (7^',9K'). 

Remark 3.8. If the deformation A of the T'-algebra {A, vr) over a finite dimensional 
base {TZ, 9K) is given by: 

r 

X{2){fi){l (gai, 1 02) = 1 (g vr(2)(;u)(ai,a2) + (g 

i=l 

then the deformation (p^X is given by: 

r 

(0*A(2))(/i)(l (g ai, 1 (g 02) = 1 (g vr(2)(/i)(ai, 02) + ^ (A(mi) (g Wi. 

2=1 
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Definition 3.9. A deformation A of {A, vr) with base {71, TV) is called infinitesimal 
if, in addition, = 0. 

To consider the equivalence of infinitesimal deformations the cohomology comes into 
play naturally. 

Let A be an infinitesimal deformation of {A,tt), over a finite dimensional local base 
TZ, with maximal ideal Let G 571' = Homk(5!Jt, k). Clearly, ^ can be viewed as 
an element of Homk(7^, k) with ^(It^) = 0. For every such ^ define a 2-cochain 

ax,^eC^A,A) =Homk(P'(2)V® A®2^A) 
= Homk(P(2)®A^^A), 

by 

ax,^ifJ-; ai, 02) = Id)A(2)(/i)(l7^ (g) ai, 1?^ (g) 02) 

for ah fi G Vi2). 

Theorem 3.10. For any infinitesimal deformation \ of a V-algehra (^, vr), 0^,5 is a 
2-cocycle. 

Proof. We denote 5-,^ by 5, for the sake of simplicity of notation. Need to show 
Sa\^^ = 0. Since, ('P')^(3) = R, and R is generated by the elements /x Oj i/'s G 
P(2), z G {1,2}), it is enough to verify 

'^aA,,t(/" °i ^] «i, 02, 03) = 

for i = {l,2},;U,i/ G 7^(2) and 01,02,03 G ^1 (cf. I2.13p . Consider the case i = 1. We 
claim 

^ax,i{fJ'°i 01,02, as) 

= -(e Id){A(2)(;u)(A(2)(zy)(l7^ ai, l7^ 02), l7^ «> 03)} 
= -(^ Id){A(3)(/i 01 zy)(l7^ ai, 17^ 02, 03)} 
= 0. 

The last equality follows from the fact that A is a PTe-algebra structure on An. 
Now, 

^ Id){A(2)(^)(A(2)(i/)(l7^ ^ai,lnCS> 02), In ® 03)} 
= «) Id){A(2)(^)(l7^ 7r(2)(zy)(ai, 02) + EI=i "^i ^ w^i, 1 «> 03)} 
= Id){A(2)(^)(l7^ ^ 7r(2)(z.)(ai, 02), l7^ ^ 03)} 

+ (e Id){A(2)(//)((^[^i rui ® y;i), l7^ 03)} 
= ^ Id){A(2)(^)(l7^ ® 7r(2)(z.)(ai, 02), 1 ® 03)} 

+(e ® ld){X{2){^l){J2l=l mi{ln (g) wi), In O 03)} 
= "A,$(At;7r(2)(i/)(ai,a2),a3) + {^®ld)J2l^^miX{2){^){ln(S)Wi,ln (8) 03). 
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Now we look at the second term. As 

A(2)(;u)(l7^ (g) w^, In <g) as) -In^ 7r(2)(^)(u'i, 03) G 5Jt vl, 

so, 

X{2){fi){lii (S> Wi,ln (E) a^) = 1?^ 7r(2)(^)('u;i, as) + h; h£m(g>A. 

Hence, 

mj(A(2)(/i)(l7e ® Wi, In as)) 
= mi{ln<Snr{2){n){'Wi,a3) + h) 
= mj(l7^ (g) 7r(2)(^)(wj, as)) because rrij/i = 0. 

Thus, 

Id) X:[=i m,X{2){fi)iln ® It^ «) as) 
= E[=i(C^Id)("i*^vr(2)(^)(w;i,as)) 
= Ei=iC("T'i)(7r(2)(^)(wi,as)) 
= ELi^(2)(y^)(C(mi)'Wi,as) 
= vr(2)(^)((e®Id)(E[=i"ii0u;»),as) 

= 7r(2)(//){(C Id)(A(2)(l/)(l7^ ai. In ® aa) - O ^(2)H(ai, aa)), as} 
= 7r(2)(//){(C ^5 Id)(A(2)(i/)(l7e ai, 1?^ ® as)), as} 
= 7r(2)(/i)(aA,5(z^;ai,a2),as). 
Therefore, 

(e Id){A(2)(/i)(A(2)(i/)(l7j ® ai, l7^ as), l7^ as)} 
= aA,^(/u;7r(2)(z^)(ai,a2),as) + 7r(2)(^)(aA,5 (j^; ai, as), as). 
Now, bv 12.16.21 

6ax^^{fx 01 i/;ai,a2,as) 
= -aA,c(At;7r(2)(i/)(ai,a2),as) - 7r(2)(/i)(aA,5(i^; ai, 02), as)- 
Hence the claim follows. 

Similarly, 5a\^^{fi 02 u; ai, a2, as) = 0. It follows that 5a\^^ = 0. □ 
Let us define for ^ G the cohomology class of the cocycle a\ (^ by aA,^. The 
correspondence ^ 1 — > a\^^ defines a map 

aA:9Jt'^i/|,((Avr)). 

Theorem 3.11. Let Ai and A2 he two infinitesimal deformations of vr) with a 
finite dimensional base (7^, 97t). Then the deformations \i, A2 are equivalent iff cy.\^^^ 
and aA2,5 represent the same cohomology class, that is ax^^^ = clx^^^ for ^ G 9Jt'. 
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Proof. By definition Ai and A2 are equivalent if and only if there exists a "PT^-algebra 
isomorphism 

p: An — > Ati, such that (e Id) o p = e (g) Id . (3.11.1) 
Since A-jz = TZiS^ A = (k®Tl) A = A® {Tti^ A), the isomorphism p can be written 
as p = pi + p2 where pi : A — > A and p2 : A — > A. 

By compatibility (I3.11.ip . we get pi = Id. Using the adjunction property of tensor 
products, we have 

Homk(A; 9Jl (g) ^) ^ 9Jl (g) Homk(A, A) ^ Homk(OH'; Homk(A, A)), 

where the isomorphisms are given by 

r r 

P2< — >^mi^4>i\ — >^Xi- (3.11.2) 

1 i 

Here (pi = (^j (g id) o p2, XiiCj) = ^ij'Pi and as before, {mi}i<i<r denotes a basis of 

{(,j}i<j<r the dual basis of Tl' . 
Thus we can write, 

/9(l7^(g)x) = Pl{ln x) + P2il-R X) 

= lTi'S)x + Yl[mi0(j)i{x). 
Recall that, p is a T-'T^-algebra morphism iff 

p(Al(2)(/l)(l7^ (g XI, In (g X2)) = X2ip)ipiln (g xi),p{ln <S) xs)), p G P(2). (3.11.3) 
Let us set V'f = CKA^.^ij i = 1, 2, . . . , r and k = 1,2. Then we have 

r 

\ki2){p){ln ®xi,ln® X2) = ln^ 7r(2)(p)(2;i, X2) + ^mi® 7p^{p; xi, X2), (3.11.4) 

1 

for all /i G P(2). 
So, 

A2(2)(^)(p(l7^ Xi), /9(l7J X2)) 

= A2(2)(/i)(l7^ (g xi + (g (pi{xi), l7^ (g X2 + (g (j)i{x2)) 

= X2{2){p){ln xi, In ® X2) + EI miX2{2){p){ln xi, 1?^ </'»(x2)) 

+ El "^iA2(2)(^)(l7^ (Xi (/'j(xi), It^ (g X2) (since minij = 0) 
= It^ (g)7r(2)(/i)(xi,X2) + Yl[mi^ ipf{p;xi,X2) 

+ EI "^i(l7^ (X 7r(2)(^)(xi, </>i(x2))) + EI "^i(l7e ® 7r(2)(/x)((/)i(xi), X2)). 
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On the other hand, 

/)(Al(2)(/i)(l7^0Xl,l7^(»X2)) 

r 

=p{ln «) 7r(2)(/i)(xi, X2) + ^ m-i (g) ijjjiiJ.] xi, X2)) 

1 

r 

=p{ln «) 7r(2)(/i)(xi, X2)) + ^ ® xi, X2)) 

1 

r 

=Itz (g) 7r(2)(/x)(xi,X2) + ® (/)i(7r(2)(/x)(xi, X2)) 

1 

r 

+ '^mi{lTz (g) Vj^(^;xi,X2)} (since mirrij = 0). 
1 

It follows from l3.11.3^ 

r r 

(g) {xpf{fi; xi,X2) - 'tp}{n;xi,X2)) + '^mi® xi, X2) = 0. 

1 1 

Hence, 

54)i =tpf - il)] 

="A2,e» - "Ai,$, for alH = 1, . . . , r. 

So, aAi,5 ~ ^>'2,i-> S'll C ^ 1^ 
Let 7^ be a finite dimensional local algebra with maximal ideal Then TZ/dJt'^ is 
local with maximal ideal m/m"^ with {m/Tl'^f = 0. Let P2 : 7^ — ^ Te/SIJt^ be the 
projection map. 

Definition 3.12. Let A be a deformation of {A,tt) with base (7^, The mapping 

is called the differential of A and is denoted by dX. In particular, if 9Jt^ = 0, then the 
differential dX of the infinitesimal deformation A is the map ax. 

Corollary 3.13. If two deformations Ai and X2 of a V-r,- algebra {A,tt) are equivalent, 
then their differentials are equal. 

4. Universal Infinitesimal deformation 

In this section we construct a specific example of an infintesimal deformation of a 
■P-algebra satisfying finite dimensionality of the second cohology module. We shall 
also prove a fundamental property of this deformation. In the last section we will see 
that this infintesimal deformation is the first step of our main construction. 
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Let {A,tt) be a given P-algebra satisfying the condition dim Hp{A) < oo. Let us 
denote Hj,{A) by H. Consider the k-algebra Ci = k©EI' with the following structure: 

{ki,hi) ■ {k2, /12) = (^1^2, kih2 + k2hi). 

Clearly, Ci is local with maximal ideal = H' and DJl^ = 0. 
Fix a homomorphism 

a:M^ Cl{A) = Homk((P')^(2) A®^,A), 

which takes a cohomology class into a representative cocycle. We note that 

M' ®A = Homk(i?|,(A), k) ® A ^ Homk(i/|,(A), ^) 

and 

Ci® A = ]<l®M! A = A® Homk(H, A). 
Define a -algebra structure rji on Aq-^ by 

r7i(2)(/i){(ai,0i),(a2,</.2)} = (vr(2)(/i)(ai,a2),^;.), M e ^(2), 
where V'/i : EI — > A is defined by 

V'^(q) = fT(Q)(;U; 01,02) + 7r(2)(//){0i(a),a2} + 7r(2)(^){ai, 02(a)}, 
for a e H. 

Proposition 4.1. For any homomorphism a: EI — )• C|,(A), (^(^^,171) zs a 'Pci" 

Proof. In view of 12.121 we need to check that 771 (3) (r) = 0, for all r € i?. Recall that 
(j2.13p as a module over kpa], is generated by the /i Oj zy's (/x, v G '^(2), « € {1, 2}). 
Thus, 

7?i(3)(^ 01 T^){{aiAi), («2, </'2), (as, 03)) 
={r/i(2)(^) 01 r/i(2)(i/)}((ai,0i), (02,^2), (^3,03)) 
=7?i(2)(/i){r?i(2)(z.)((ai,0i),(a2,02)),(a3,03)} 
=ryi(2)(/i){(7r(2)(zy)(ai, 02), -0!^), (as, ^s)} 

[where : EI ^ ^ is given by 

■0^(a) = cj(q!)(i/; 01,02) + 7r(i/){0i(a), 02} + 7r(i/)(ai, 02(a)}] 
= (7r(2)(^)(7r(2)(z.)(oiO2),a3),0'^) 
= (7r(3)(/i 01 zy)(ai, 02, as), V'/x) 
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By definition of r^i , ?/;^ : H — > A is given by 

^^(q) = cr(Q)()U;7r(2)(z^)(ai,a2),a3) + 7r(2)(/i){V'j.(a), 03} 
+ ^(2)(^){^(2)(z.)(ai, 02), 03(a)} 
= a{a){iJ,;'ir{2){u){ai,a2),a3) 

+ 7r(2)(/i){cr(a)(zv; ai, 02) + 7r(2)(zy)(0i(a), 02) + 7r(2)(i/)(ai, 02(0)), 03} 
+ 7r(2)(//){7r(2)(i/)(ai,a2),03(«)} 

= cr(a)(/x; 7r(2)(zy)(oi , 02), as) + 7r(2)(/x){cr(a)(z^; ai , 02), 03} 

+ 7r{2){fi){7r{2){u){(t>i (a), 02), 03} + 7r(2)(^){7r(2)(zy)(ai , 02(a)), as} 

+ 7r(2)(/i)(7r(2)(i/)(ai,a2), 03(a)) 

= 6{a{a)){n 01 I/; ai, 02, 03) + vr(3)(/x oi zy)(0i(a), 02, as) 
+ 7r(3)(/i 01 i/)(ai,02(a),a3) +7r(3)(/iOi zy)(ai, 02, 03(a))]. 

Note that the first term in the last equality is obtained from the first two terms of the 
previous step using 12.16.21 and is zero as cr(a) is a cocycle. Moreover the last three 
terms in the last step are zero as {A, vr) is an algebra over the quadratic operad V 
(cf. Proposition 12.12]) . Therefore V'^i is zero. Thus ryi(3)(/i oi u) = 0. Similarly, one 
can show that r]i(3){fi 02 u) = 0. It follows that r/i(3) vanishes on R and hence rji is 
a "Pci -algebra structure on ^C'j . □ 

Proposition 4.2. Upto isomorphism, the Vci -algebra structure of Aq^ does not de- 
pend on the choice of a. 

Proof. Let a' : H — > Cj,{A) be another choice of a and denote the corresponding 
Pcj-algebra structure on Ci (8) ^ by rj'. Then for a £ M, a{a) and a'{a) are two 
2-cocycles of A, representing the same cohomology class. So, a {a) — a' {a) is a 2- 
coboundary. Let a{a) — a' (a) = 5(7(0)) where 7 : EI — > Cp{A) = Homk(A, A). 
Using the identification Ci^A = yl©Homk(IHI, A), define an Ci-linear automorphism 
p : Ci^ A — > Ci^ Ahy p{v, 0) = {v, 0) where 0(a) = 0(a) +^{a){v). Need to show 
that p preserves the -algebra structure, that is, 

P(»?i(2)(/^)((ai,0i), (02,02))) = r/'(2)(/i)(/)(ai,0i),/)(a2,02)). 
Now observe that 

p(r?i(2)(/i)((ai,0i), (a2,02))) = p(7r(2)(^)(ai, 02), V'm) = (7r(/i)(ai, 02), V'm) 
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by the definitions of rji and p, respectively, where 

V'mC") = V'mH +7(a)(7r(2)(^)(ai,a2)) 

= a{a){fi;ai,a2) + 7r(2)(^)((/)i (a), 02) 
+7r(2)(/x)(ai, (/.2(a)) + 7(a)(7r(2)(/x)(ai, 02)). 

On the other hand, 

V(2)(M)(p(ai, 0i), p(o2, 02)) 

=V(2)(m)((01,(/'i), («2,02)) 

=K2)(^)(ai,a2),V;) 

where 

i^'iiia) = cj'(a)(/i;ai,a2) + 7r(2)(/i)((/)i(a),a2) + 7r(2)(/i)(ai, (^2(0)) 
= a'{a){fi;ai,a2) + 7r(2)(^)((/)i(a) + 7(a)(ai), 02) 
+ 7r(2)(;u)(ai, (?:)2(a) + 7(a)(a2)) 

= o-'(a)(^; 01,02) + 7r(2)(^)((/)i(a),a2) + 7r(2)(/x)(7(a)(ai), 02) 
+ 7r(2)(^)(ai, <A2(a)) + 7r(2)(//)(ai, 7(a)(a2)). 

Therefore, 

'0m(«) - V'lt(a) 

= a{a){iJ,;ai,a2) - cj'(a)(/i; ai, 02) + 7(a)(7r(2)(/i)(ai, 02) 
-7r(2)(/i)(7(a)(ai),a2) -7r(2)(/ii)(ai,7(a)(a2)). 

Now, by the definition of differential (|2.16.1|) . 

^(7(a))(At;«i>«2) = 7r(2)(^)(7(Q)(ai),a2)+7r(2)(/i)(ai,7(a)(a2))-7(a)(vr(2)(/i)(ai,a2)). 

It follows that, '(/'^(a) — i/^^(a) = for all a. Hence, ip^ = ip'^. Thus, /? is a "Pc^-algebra 
isomorphism. □ 

Remark 4.3. Suppose {hi}i<i<n is a basis of IH and {gi}i<i<n is the dual basis. 
Let a{hi) = ai e C^iA). Under the identification Ci A = A ® Homk(EI,^) an 
element {v, cj)) G AQ) Homk(IHI, A) corresponds to Ici fS" f + Yl^=i 9i 'P{^i)- Then for 
(ai, (/)i), (02, (/>2) G ^©Homk(]HI, ^), ryi(2)(;u){(ai , (?!>i), (02, (/'2)} corresponds to 



n 

lCi(»vr(2)(/i)(ai,a2)+^gi(»{cJi(/i;ai,a2)+7r(2)(;u)(0i(/ii),a2)+7r(2)(;u)(ai,02(/ii))}- 
1=1 
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In particular, for ai,a2 G A, we have 



i=l 

The main property of the infinitesimal deformation 7]i is its universality in the class 
of infinitesimal deformations with finite dimensional base. 

Theorem 4.4. For any infinitesimal deformation A of the V -algebra A with a finite 
dimensional local base (7^,971), there exists a unique homomorphism (p : Ci TZ such 
that X is equivalent to the push-out (/>*??i. 

Proof. Let ax : H^{A) = M denote the differential of A, 

Consider the map (p = ld(Ba\ : k H' k OH = 7^. As before, let {mij^^^ be a 
basis of 9H and {^j} be the dual basis. 

It is enough to show a^,^^ = a o ax (Theorem 13. lip . Let {^i, . . . , hn} be a basis of 
H, and {gi, . . . ,gn} be the corresponding dual basis of M'. 
Then by Remarks 14.31 13.81 we have 



n 




(j)^r]i{2){fi){l'jz (g) ai, l-jz (g) 02) 



n 



l7^0 7r(2)(/x)(ai,a2) + ^(t){gj) cr(/ij)(At; ai, 02). 



Now, 



r 




i=l 



n 



^9j{a\{ii))hj. 
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Thus 

=(^i O Id)(/)*?7i(2)(/i)(l7^ (g) ai, In (g) 02) 

n 

={^i ® Id){l7e (g) 7r(2)(^)(ai, 02) + ^ ^(^i) cr{hj){fi; ai, 02)} 

n 

=(^i (g) Id) (^a^(c/j ) a{hj){fi;ai,a2)) 

n 

= X]fi("^(^»)) cT(/ij)(/i; 01,02) 

71 

i=i 

=cjoaA(Ci)(/^;«i>«2) 

Therefore, a,^,,?! = c o oa- The uniqueness part fohows from the definition of (f). □ 

5. Deformation Extensions 

Let us recah some definitions and results from [12j. Let 7^ be a commutative algebra 
with 1 over k . Let {Cq{A),5) denote the standard Hochschild complex, where Cq{A) 
is the 7^-module 7^®('?+^) with TZ acting on the first factor by multiplication of TZ. Let 
ShqiTZ) be the 7^-submodule of Cq{TZ) generated by chains 

Sp(ri,r2, ...,rq) 

= X] sgn{ii,i2,...,iq){ai^,ai^,...,ai^) eCq{n) 

{il,i2,---,iq)&Sh{p,q-p) 

for ri, r2, . . . , E 71 ; < p < g. 

Then 5/i* is a subcomplex of C^{TZ) and hence we have a complex called the Harrison 
complex 

ch{An) = {Chg{n),6} ; Chq{n) = Cq{n)/Shq{n). 

For an 7^-module M, the Harrison cochain complex defining the Harrison cohomology 
with coefficients in M is given by Ch'i{n ; M) = Hom{Chq{n), M). 

Definition 5.1. For an 7^-module M we define 

^Lrr(^; M) = H'i{Hom{Ch{n),M)). 
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Proposition 5.2. Let IZ he a commutative local algebra with the maximal ideal 9Jt, 
and let M he an TZ-module with TIM = 0. Then we have the canonical isomorphism 

Definition 5.3. An extension TZ' of TZ by an 7^-module M is a k-algebra TZ' together 
with an exact sequence of k-modules 

where p is an algebra homomorphism so that = i{M) is T^'-module and we require 
that this T^'-module structure is given by the 7^- module structure on M as r'i{m) = 
i{p{r')m). In particular, is an ideal in TZ' satisfying A^^ = 0. 

We will be concerned with those extensions of TZ by 7^-modules M which satisfy 

mM = o. 

Remark 5.4. Note that as TZ is local, TZ' is also local with TItz' = p~^{Tl) as 
its maximal ideal. Moreover, the condition TIM = clearly implies that for any 
X G {TI)tzi and n £ N, xn = 0. 

We will use the following results relating Harrison cohomology and extensions of the 
algebra TZ by means of M, |12] . 

Proposition 5.5. (i) The space Hj^ ^^^{TZ; M) is isomorphic to the space of 
derivations TZ — t- M. 

(ii) Elements of Hfj^^^iTZ^M) correspond bijectively to isomorphism classes of 
extensions 

— > M — >TZ' — >Ti — ^0 

of the algebra TZ by means of M. 

(iii) The space H\j^^^{JZ; M) can also he interpreted as the group of automorphisms 
of any given extension ofTZ by M. 

Corollary 5.6. IfTZisa local algebra with the maximal ideal Tl, then 

Hh,„{TZ;k)^i^)' = TTZ. 

Let 7^ be a finite dimensional commutative, unital, local algebra with augmentation 
e, and maximal ideal Tl. Let A be a deformation of a 7^ = 7^(k, E, i?)-algebra (A, vr) 
over the base {TZ,Tl). Let (TZ', Tl-ji') be an extension of {TZ,Tl) by an 7^-module 
M with TIM = 0. In this section we consider the problem of extending the given 
deformation A to a deformation with base (TZ' ,TIti'). 
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First let us consider the case of 1-dimensional extension. Let 

be any 1-dimensional extension of TZ. By the above proposition the isomorphism 
classes of 1-dimensional extensions of TZ are in one-one correspondence with the Harri- 
son cohomology Hjj^^^iTZ; k) of TZ with coefhcients in k where the TZ module structure 
on k is given by rk = e{r)k. 

Let [/] G H%^^^{TZ]k). Suppose 0^k^7^'^7^ — ^0 is a representative of 
the class of 1-dimensional extensions of TZ, corresponding to the cohomology class [/]. 
Let us recall how the algebra structure on TZ' is related to /. Fix a splitting q : TZ — > 
TZ'. Let e = eop -.TZ' — > k denote the augmentation of TZ' . Set 

/ = (i O Id) : ^ ^ k (g) A — >TZ' A, P = {p®\di) -.TZ' ® A — >TZ®A, 

8 = (e ld):TZ' (^A — ^ k «) ^ ^ ^ and Q = g Id : 7^ vl — >TZ' (^A. 
Then h i— )■ {p{b),i~^{b — q o p{b))) is a k-module isomorphism TZ' = 7^ © k. Let 
(a, k)q G TZ' denote the inverse of (a, A:) G 7^ © k under the above isomorphism. The 
cocycle / representing the extension is determined by /(ai, 02) = ^"^((ai, 0)^(02, 0)^ — 
(0102, 0)g). On the other hand, / determines the algebra structure on TZ' by 

{ai,ki)g ■ (02, k2)q ■■= {aia2, ai ■ ki + a2 ■ ki + f{ai, a2))q. 

As in Sections, let {rriiYi^i ^ fixed basis of the maximal ideal QJt of 7^ with the 
dual basis {ii}. Let = ax,^, G C^A) for 1 < i < r. Then by Remark [331 the 
deformation A can be written as 

r 

A(2)(^)(l7^ 8)01,17^(8)02) = l-Te (g) 7r(2) (^) (oi, 02) + ^mj(8)V'i(^; 01,02), 0-1,0.2 G A. 

i=l 

Let {nj}i<j<r+i be defined by nj = {mj,0)q for 1 < j < r and n^+i = (0, l)g. Then 
{nj}i<:j<r+i is a basis of the maximal ideal QJTt^/ of TZ'. A deformation P with base 
TZ' extending A is entirely determined by the following two facts: 

• r(2) defined on 'P(2) can be extended to the category of T^'-modules, and 

• if r is the unique extension of r(2) then r(3)(r) = for every r G i?. 
Let G Cp{A) be any cochain. Define 

r(2)(^)(l7e/ Oai,l7^' (8)02) 

r 

= l-ji/ ® 7r(2)(/i)(ai, 02) + '^nj ® ipj{n] 01,02) + n^+i ® oi, 02),for fi G 7^(2). 

(5.6.1) 

Extending to the category of 7^'-modules this defines a 7?.'-linear map 
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r(2) : Vn'{2) Hom7^K(<r^ ^TeO- 
It is straightforward to check that the map r(2) satisfies the following properties: 

(1) P[r(2)(^)(xi,X2)] = A(2)(/i)(P(xi),P(x2)), XI, X2G^7^', 

(2) r(2)(/i)(/(x),xi) = /[7r(2)(/z)(x,^(xi))], x G ^, xi G An'^t^e V{2). 
Moreover, we have 

^ (r(^)(xi, X2)) = Ti{ij){£{xi),£{x2)). (5.6.2) 
By Proposition 12.81 we extend r(2) to a morphism of operads J-{Eni) — > End(A7^/). 
In view of the Remark 12.131 T induces a PT^'-algebera structure on Ati' if and only 
if J^{Eni){3){fi Oi u) = for i G {1,2} and fJ,,^ £ ^{2) and it is clear from our 
construction of V that it extends the given deformation A. 
Define a 3-cochain (t)n> G C|,^,(^7j/) = Yiom-T^, {{V\^,y {2.) A^'^.A-^,) by 

(t>TZ'{fJ'°i J^;ai,a2,a3) = r(2)(/i)(r(2)(i/)(ai, a2), as) 

07^/(^02 z^;ai,a2,a3) = r(2)(/i)(ai, r(2)(zy)(a2, as)), Vi G A-r,,. 

Proposition 5.7. The morphism of operads T{Etii) — > End(A7^/) defines a Vtz'- 
algebra structure on A-ji' if and only if the 3-cochain (pn' is zero. 

Proof. By Proposition 12.121 T defines a "PT^'-algebra structure on A-ji/ iff r(3) : 
T{E){3) — y End(^7^/)(3) is zero on R. 
Observe that 

r(3)(;U 01 z^)(ai,a2,a3) = r(2)(/i)(r(2)(zy)(ai, a2), as) = ct>'ji'{l^°i i^;ai,a2,as) 

r(3)(;U 02 z^)(ai,a2,as) = r(2)(/i)(ai, r(2)(z^)(a2, as)) = (t>TZ'{f^°2 i^;ai,a2,as) 

for fj^v G V{2) and ai,a2,as G Ati'. Therefore by Remark 12.131 (Z)-??' = if and only 
if r defines a P7^/-algebra structure on A-ji'. □ 
Proof of the following remark is straight forward. 

Remark 5.8. The 3-cochain (pn' takes values in Ker(P) and (?i)7^'(/i; ai, a2, as) = 0, 
fi G [V')^ (3) = R, whenever any of the arguments ai G Ker(£^), i G {1, 2, 3}. 

We recall here the convolution Lie algebra ([I^) Q-p,A = (Hom§('P*, End^^)), [, ]), where 
is the Koszul dual co-operad of 7-", [S]. We note that the set of "P-algebra structures 
on a space A is in one-to-one correspondence with the set of Maurer Cartan elements 
of 0-p,A, i-e. solutions to the equation a * a = 0, where * denotes the pre-Lie product 
in 0-p,Ai Proposition 6.4.5, [16] . Given such an element a one can define a differential 
da, called the twisted differential, on this Lie algebra in order to make it into a 
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differential graded Lie algebra, called the twisted differential graded Lie algebra. The 
twisted differential is defined using the Lie bracket as follows: da{f) = [c, /]. The 
underlying cochain complex of this twisted dg Lie algebra is the deformation complex 
that we intend to work with. Given any "P-algebra structure vr = 7r(2) on a space A, vr 
is a Maurer Cartan element in Qv,A, ie, vr * vr = 0. We also note that - V^in). 

So 

CJ^{A) = Hom(p'(n)^ ®Sr. ^) 

^ Hom5„(7'*(n),End(A®",^)) 

= 0P,yl(ra - 1) 

as vector spaces. Moreover, these two cochain complexes are isomorphic, hence a 
cocycle in C^{A) can be thought of as a cocycle in Q-p^A- The fact that A(2) defines 
an algebra structure on TZ ® A implies that A(2) * A(2) = 0, where * denotes the 
pre-Lie product in g-p^A, Proposition 6.4.5, [1^. This implies 

r r 

^ rrij (g) STrCV'j) + ^ irnmj (g) V'i * = 0. (5.8.1) 

In order that r(2) defines an algebra structure on TZ' ® A is equivalent to saying 
that as an element of Q'r.'®v,'R'®a = TZ' ® Qv.A, r(2) * r(2) vanishes. Now, from the 
expression of r(2) we get 

r(2) *r(2) 

= {1 (g 7r(2) + YIi=i Ur+i (g V'} * {1 <8 7r(2) + Yl[=i ni (g) i^i + n^+i (S> i^} 

= 1 g) [vr(2), vr(2)] + X][=i rii (g dTripi + n^+i (g 9,r'0 + I]i,j=i ^i^i "^i * i'j 

using the fact that d^{f) = [vr(2), /] = 7r(2) *f + f* it{2). 

We note that [7r(2), vr(2)] = 0. As rurir+i = for 1 < i < r {kTl = 0) and n^^^ = 
the above expression is equal to 

r r 

^ nj (g + rir+i niUj (g V'i * ipj- 

i=l id=^ 

Now r(2) defines a "P (g T^'-algebra structure on A (g 7^' extending A(2), the V ®TZ- 
algebra structure on >1 (g 7^, if and only if 

r(2) *r(2) = 

44> (0, 1) ® d-^{ip) = - l]-=i(mi,0) (g SvrlV'j) - Y^lj=i{mimj, f{mi,mj)) tpj 
(using the isomorphism between 7^' = 7^ © k) 
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Let us define a 2 cochain $ on q-p^a as follows: 

r 

This cochain is called the obstruction cochain. 

Proposition 5.9. The obstruction cochain is a 2 cocycle in q-p^a- 

Proof. TZ' (S> Q-p,A can be thought of as a cochain complex by defining a coboundary 
map 6' = IdiSi d-n^. Also, TZ' (8) 0-p,A can be thought of as a pre-Lie algebra by defining 
the pre-Lie product as 

(r (g) f)*{s (^1 g) = rs <Si f * g- 

One can easily check that a product so defined makes TZ' ^q-p^a into a pre-Lie algebra. 
Now 

using the isomorphism TZ' ® Qv,A = TZ® QvA © Qv,A 
= Yjif^i® '^i*Ylk,i=i rukmi <Siipk*'4'l- Y7k,i=i n^km ® {ipk * ^l)*Ylj '^j ^ V'i 
= Ejj.fc ruimkmi (g) {ipi * {^pk * i'l) - {A * i'k) * ^Pl}- 

By Lemma 1 of [10], we assume k ^ I in the expression ipi * {tpk *'Pi) — {ipi *ipk) * V'i- 
Now as in Proposition 3 of [IT)], the above sum can be written as a sum of terms of 
the form 

where i,j,k = ,r and each of these term vanishes by the following property 
[9]: If {Vm, *} be a pre-Lie algebra and /, 5, h be elements of Kn, Vn, Vp respectively, 
then(/ * g) * h — f * {g * h) = (— *h)*g — f*{h* g)}. Hence 

mmj (g) * V'i) © f{mi,mj) (g) (9vr(V'i * V'j) = 

□ 

The above consideration defines a map 9x : Hjj^^^{TZ;K) — > H!p{A,A) by 9x{[f]) = 
[<1>], where [<I>] is the cohomology class of The map 9\ is called the obstruction 
map. Proof of the following proposition is straightforward. 
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Proposition 5.10. Let X be a deformation of a V -algebra A with base IZ and let 
TZ' be a 1- dimensional extension of TZ corresponding to the cohomology class [f] € 
Hjj ^^,^(TZ;K). Then A can be extended to a deformation of A with base TZ' if and only 
if the obstruction Ox{[f]) = 0. 

□ 

We state the following proposition, proof of which is similar to the proof of corollary 
5.8 in [8]. 

Proposition 5.11. Suppose that for a deformation X of a V-algebra A with base TZ, 
the differential dX : TTZ — > EI is onto. Then the group of automorphisms A of the 
extension 

0^k^7^'^7^^0 (5.11.1) 

operates transitively on the set of equivalence classes of deformations fi of A with base 
TZ such that p^^ = X. In other words, if fi exists, it is unique up to an isomorphism 
and an automorphism of this extension. 

□ 

Suppose now that M is a finite dimensional 7^- module satisfying the condition 5JtM = 
0, where DJt is the maximal ideal in TZ. The previous results can be generalized from 
the 1-dimensional extension (j5.ll.ip to a more general extension 

^ Af A 7^' ^ 7^ — ^ 0. 

The obstruction map for this extension is 

Ox : Hjj^„{TZ; M) ^ M ® H^{A, A) defined by 0a([/]) = [$]• 

Then, as in the case of 1-dimensional extension, we have the following. 

Proposition 5.12. Let X be a deformation of a T'-algebra A with base (7^, and 
let M be a finite dimensional TZ-module with 9JtM = 0. Consider an extension TZ' of 
TZ 

— > M ^ B ^TZ — ^0 
corresponding to some [f] € H'jj^^^{TZ;M). A deformation fi of A with base TZ such 
that p^jjL = X exists if and only if the obstruction Ox{[f]) = 0. // dX : TTZ — EI 
is onto, then the deformation ji, if it exists, is unique up to an isomorphism and an 
automorphism of the above extension. 

We end this section with the following naturality property of the obstruction map, 
proof of which is similar to Proposition 5.10 in [8]. 
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Proposition 5.13. Suppose IZi and 7^2 o'^e finite dimensional unital local algebras 
with augmentations ei and 62, respectively. Let (p : TZ2 — ^ Tti be an algebra homo- 
morphism with 0(1) = 1 and ei o (p = £2- Suppose A2 is a deformation of a Leibniz 
algebra L with base TZ2 and Ai = 0*A2 is the push- out via 4>. Then the following 
diagram commutes. 




Figure 1. 

6. Construction of a Verbal Deformation 

In this section we give an explicit construction of versal deformation of an algebra 
over a quadratic operad following [6]. 

Consider the "P-algebra A with dimiM) < 00. Set 5o = k and Si = k © H'. Consider 
the extension 

^ M' ^ 5i ^ 5o ^ 0, 
where the multiplication in iSi is defined by 

{ki, hi) ■ {k2, h2) = {kik2 , kih2 + k2hi) for {ki, hi), (^2, /12) G Si. 

Let r]i be the universal infinitesimal deformation with base Si as constructed in 
Section [H We proceed by induction. Suppose for some k > 1 we have constructed a 
finite dimensional local algebra Sk and a deformation rjk of A with base Sk. Let 

^^ : Hj,,„iSk;k) ^ iCh2iSk)y 

be a homomorphism sending a cohomology class to a cocycle representing the class. 
Let 

fSk '■ Ch2{Sk) — > Hjjarr{Sk;'k)' 
be the dual of fi. By Proposition 15.51 (ii) we have the following extension of Sk- 

Hl^^^iSk-, k)' 4+1 '-^ Sk 0. (6.0.1) 
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The corresponding obstruction 0{[fs^.]) € ^'narA^^'^ k)'(g)//|,(yl; A) gives a linear map 
ujk '■ -f^lfarr ('^fc ' ^) — ^ Hj,{A; A) with the dual map 

ojk' : HUA;Ay ^ Hjj,,,{Sk;ky. 
We have an induced extension 

coker{oj'k) Sk+i/h+i o w^^K^; A)') ^ Sk ^ 0. 
Since coker{uj'f^) = {ker{ijjk))' ■, it yields an extension 

{ker{u,)y ^ Sk+i ^-^ 5, ^ (6.0.2) 

where Sk+i = Sk+i/ik+i ° ^ki^vi^'^ ^Y) ^^'^ ik+i, Pk+i are the mappings induced 
by ik+i and pk+i, respectively. Observe that the algebra Sk is also local. Since 5^ is 
finite dimensional, the cohomology group Hj^^^^ (Sk ; k) is also finite dimensional and 
hence Sk+i is finite dimensional as well. 

Remark 6.1. It follows from Proposition 15.21 that the specific extension (|6.0.ip has 
the following "universality property". For any 5fc-module M with dJlM = 0, (|6.0.ip 
admits a unique morphism into an arbitrary extension of Sk- 

— > M — >7Z' — >Sk — >0. 

Proof of the following proposition is along the same lines as Proposition 6.2 in 

Proposition 6.2. The deformation rj^ with base Sk of a V-algebra A admits an 
extension to a deformation with base which is unique up to an isomorphism 

and an automorphism of the extension 

— > {ker{ujk)y Sk+i ^ Sk — > 0. 

Next, we give an algebraic description of the base S of the versal deformation. For 
that we need the following Proposition from |12j . 

Proposition 6.3. Let TZ = k[xi,X2, . . . ,Xn] be the polynomial algebra, and let 9Jt be 

the ideal of polynomials without constant terms. 

(a) // an ideal I of TZ is contained in Tt"^ , then Hjj^^.^{n/ I;'k) = {I/Miy. 

(b) There is an extension for TZ' = TZ/I: 

I /mi Tz/mi Tz/i 

where i and p are induced by the inclusions I ^ TZ and DJtl /. 
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Suppose dim{M) = n. Let {/ij}i<j<n be a basis of H and {gi\i<i<n be the corre- 
sponding dual basis. Let k[[EI']] denote the formal power series ring k[[(7i, . . . , in 
n variables gi, . . . ,gn over k . Now a typical element in k[[E[']] is of the form 

oo 

'^aifiigi, ...,gn) = ao + aifi{gi, ...,gn) + 02/2(51, • • • ,9n) + • • • 

i=0 

where Oj € k and /j is a monomial of degree i in n- variables gi, . . . ,gn for i = 
0, 1, 2, . . . . Let 9JT denote the unique maximal ideal in k[[EI']], consisting of all elements 
in k[[EI']] with constant term being equal to zero. 

Proposition 6.4. For the local algebra we have = k[[E[']]//fc for some ideal 1^, 
satisfying = h D h :d . . . D h ^ m''+\ 

Proof. By construction, 5i = k © H' = k[[H']]/9Jt^. Suppose we already know that 
Sk = k[[EI']]/4 where Tl^ D h m''+\ Then by specifying 7^ = k[[]H']] and 
I = Ik in Proposition 16.31 we get Sk+i = k[[]H']]/9Jt/;s. In the previous construction, 
Sk+i is the quotient of by an ideal contained in I^/^Ik C 9JT^/9Jt/fc. Hence 
Sk+i = k[[EI']]/4+i where aJI^ D 4+1 D Mlk D The proof is now complete 

by induction. □ 

Corollary 6.5. For k > 2 the projection pk ■ — > S^-i induces an isomorphism 
TSk — > TSk^i- In particular, for every k > 1, TSk — TSi = M. Moreover, under 
the above identification of TSk with M, the differential drjk : TSk — > H is the identity 
map. 

Proof We have 5o = k ; 5i = k © H' ^ k[[]H']]/ajt2 and for k > 2, Sk = k[[H']]/4 
where 971^ = /i D /2 D • • • D /fc D 9K^+^. The projection pk : Sk — > Sk-i is given by 
Pkif + Ik) = / + Ik~i for f & Sk and k > 1. The map pk gives rise to a surjective 
linear map Tl/Ik — > Tl/Ik-i. Taking the quotient map VJl/Ik-i — > ^jj^i 

get an epimorphism VJl/Ik — > ^yj^'^^ with kernel 9Jt^//fc which corresponds to an 
isomorphism 

m/ik Ti/ik-i 



my Ik Tiyik-i' 

As a result we get an isomorphism 

, m/ik _ m/ik-^ 

^wjTk' - - ■ 

Observe that for any > 1, TSk = i^jt^' " ~ 

since Si = k © M' with maximal ideal W and (H')^ = 0. Hence TSi = (M')' = H. 
The last assertion follows from the definition of the differential. □ 



28 ALICE FIALOWSKI, GOUTAM MUKHERJEE AND ANITA NAOLEKAR 

Proposition 6.6. The complete local algebra S =i^k-^oo <Sk can be described as 
S = k[[]HI']]//, where I is an ideal contained in OJt^. 

Proof. Consider the map 

: k[[El']] ^Sk = k[p']]/4 defined by </.(/) = / + 4 for / e k[[M']]. 
bmce Ik D m''+\ the map (f> induces an epimorphism 

■■ k[[H']]/9n^+^ Sk for each k > 1. 
In the limit we get an epimorphism 

km']] =^^k^oo k[m']]/m'-^' ^i^fc^oo Sk. 

Therefore S = k[[EI']]/I where / = Ik is the kernel of the epimorphism. □ 



Finahy we prove the versahty property of the constructed deformation 77 with base 
S. For this we use the following standard lemma. 

Lemma 6.7. Suppose — ^ — ^ 5; ^ 5 — ^ is an s- dimensional extension 
of S. Then there exists an {s — 1)- dimensional extension 

Ms-i 7^'3_l -^n^o 

of S and a 1-dimensional extension 

o^k^n',^ n',_i 0. 

Theorem 6.8. Let A be a V-algebra with dimi^l) < 00. Then the formal deformation 
rj with base S constructed above is a versal deformation of A. 

Proof. Suppose dim{M) = n. Let {/ij}i<i<n, be a basis of H and {gi}i<i<n the 
corresponding dual basis of H'. Let 7^ be a complete local algebra with maxi- 
mal ideal 971 and let A be a formal deformation of A with base TZ. We want 
to find a k- algebra homomorphism (j) : S — > TZ such that 0*r/ = A. Denote 
7^o = n/m ^ k ; 7^l = n/m'^ ^ k © {Tny. since n is complete, we have 

TZ =i^fc_!.oo TZ/DJl'^. Moreover, for each k we have the following finite dimensional 
extension 

m'' TZ TZ 



because dim{ f^j^^ ) < 00. 
Let dim{ ^^-i ) = njt_i. A repeated application of Lemma IHTl to the extension 

m'^ TZ 7^ „ „ 
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yields ni number of 1-dimensional extensions as follows. 

— — ^7^2 — >ni — ^0 
— — ^7^3 — >Tl2 — ^0 



n 

^ k > TZni+l = ^ > 'R-ni > 0. 

Similarly, the extension 

splits into 77-2 number of 1-dimensional extensions and so on. Thus we get a sequence 
of 1- dimensional extensions 

^ k 7^fc+l ^ 7^fc ^ ; k>l. 

Since TZ =^^k^oo Tl/^'^, it is clear that TZ =^^k~^oo T^k- Let Qk '■ Tl — > Tik 
be the projection map for the inverse system {TZk^<lk}k>i with the limit TZ, where 
Qi : TZ — > TZi = TZjyp? is the natural projection. Let Qfc^A = Afc, then Afc is a 
deformation of A with base TZ^- Thus = (3a:*A = ((7^+1 o Qfc_|_i)*A = (7fc+i^,Afc+i. 
Now we will construct inductively homomorphisms 0j : Sj — )■ TZj for j = 1,2..., 
compatible with the corresponding projections — > Sj and 7^j+i — > TZj, along 
with the conditions (pj^,i]j = Aj. Define 

(pi-.Si — > 7^l as id (dX)' : k M' — ^ k (T7^)'. 

From Proposition 14.41 we have 0i*?7i = Ai. 

Suppose we have constructed a k-algebra homomorphism (pk '■ Sk — > TZk with 
(l^k^Vk = Afc. Consider the homomorphism 0^ : (7^^ ; k) — > H'jj^^^{Sk]'k) in- 

duced by Let 

represent the image under (p'^ of the isomorphism class of extension 

^ k TZk+i '-^ 7^fc ^ 
(see Proposition 15. 5p . Then we have the following commutative diagram 

— > k — > TZ — > Ok — > 



K-k+l — 

Figure 2. 



— ^ k IZk+i ^ Tefc ^0 
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where ip is given by ip{{x,k)q) = {(j)k{x),k)qi for some fixed sections q and q' oi pk+i 
and qk+i respectively. Observe that by Proposition 15. 13) the obstructions in extending 
Ajt to the base TZk+i a-^d that of % to the base IZ' coincide. Since has an extension 
\k+i^ the corresponding obstruction is zero. Hence there exists a deformation ^ oi A 
with base TZ' which extends ry^ with base Sk such that -0*^ = A^+i. By Remark 16.11 
we get the following unique morphism of extensions. 

iTl ix II 

— > k — > n' — > Sk — ^0 

Figure 3. 

Since the deformation rjk has been extended to TZ' , the obstruction map 

Uk:Hl,„{Sk;'k)^Hl{A-A) 

is zero. Therefore the composition t' ouj'^ : Hp{A; A)' — > k is zero. So r' will induce 
a linear map r : Hjj^^^{Sk;\i.y /i^'i^{Hp{A; A)') — > k. Also the map x ■ <Sk+i — ^ 
TZ' will induce a linear map x '■ <Sk+i = Sk+i/ik+i ° ^)') — ^ 5'. Since 

coker{oj'i^) = {ker{LOk))' ■, the last diagram yields the following commutative diagram. 

0^ (KerK))' Sk+i Sk -^0 

It Ix II 

— > k — y TZ' — y Sk — ^0 
Figure 4. 

By Corollary [631 the differential 

dr,k -.TSk^M 

is onto, so by Corollary 15.111 the deformations and ^ are related by some 

automorphism u : TZ' — > TZ' of the extension 

— ^k — >TZ' — >Sk — ^0 

with u^{x*r]k+i) = ^- Now set (pk+i = {ip ° uo x) ■ Sk+i — > TZk+i, where ^ is as in 
Figure 3 . Then 

Thus by induction we get a sequence of homomorphisms (pk '■ Sk — > TZk with 4>k*rik = 
Afc. Consequently, taking the limit, we find a homomorphism : S — > TZ such that 
(j)^rj = X. If DJl^ = 0, then the uniqueness of cp follows from the corresponding property 
in Theorem 14.41 □ 
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